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Inorganic crystals grown from solution find wide application. A mechanistic growth model based on the spiral growth
mechanism that operates at low supersaturation on inorganic crystal surfaces is presented. The long-range electrostatic
interactions on inorganic crystal surfaces are captured by methods developed in our previous article (Dandekar and
Doherty, AIChE J., in press). The interactions of kink site growth units with the solvent molecules partially determine
the growth kinetics. Relevant experimental parameters are systematically accounted for in the expression for the kink
incorporation rate along step edges on the crystal surfaces. The growth model accurately predicts the asymmetric
growth spirals on the (1014) surface of calcite crystals. The effect of supersaturation and ionic activity ratio on the
step velocities of the acute and obtuse spiral edges is also correctly captured. This model can be used to predict the
shapes of solution grown inorganic crystals and to engineer the growth process to design inorganic solids with function-

ally desirable shapes. © 2014 American Institute of Chemical Engineers AIChE J, 60: 3720-3731, 2014
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Introduction

In a previous article,' we proposed a mechanistic frame-
work to model the solid-state interactions in inorganic crys-
tals from a crystal growth and shape evolution point of
view. Modeling surface integration-limited crystal growth
from solution requires understanding the solid-state interac-
tions as well as the surface growth mechanisms that govern
the growth process. The importance of the interactions
between the crystal and the solvent in modeling inorganic
crystal growth from solution is highlighted by the compara-
ble magnitudes of the lattice energy and the hydration
energy for most inorganic solids (both energies have mag-
nitudes typically > 100 kcal/mol). The lattice energy is
dominated by the interionic long-range electrostatic interac-
tions in the solid state, while the hydration energy depends
on the interactions between the solvated ions and the water
molecules present in the solvation shell. For example, the
lattice dissociation enthalpy for cubic NaCl crystal is 188.1
kcal/mol" while the combined hydration enthalpy for Na™
and Cl ions is —187.2 kcal/mol.>* As a result, the dissolu-
tion enthalpy for NaCl crystal in aqueous solution is only
0.9 kcal/mol. Thus, the interactions of the surface growth
units with the solvent play a huge role in determining the
kinetics of the individual processes involved in growth on
inorganic crystal surfaces.

Crystal growth of inorganic crystals, such as calcium car-
bonate, barium sulfate, potassium dihydrogen phosphate
(KDP) and so forth, from solution has been well studied
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experimentally. The surface growth mechanisms, such as
spiral growth and two-dimensional (2-D) nucleation, have
been experimentally observed using surface characterization
techniques such as atomic force microscopy (AFM).”™ The
characterization of the crystal-solution interface, using tech-
niques such as scanning tunneling microscopy, low-energy
electron diffraction, X-ray reflectivity measurements and so
forth, provides valuable information about the surface struc-
ture that is used along with the AFM measurements to elu-
cidate the growth mechanism active on the crystal
surface.'” Crystal growth models for inorganic solids that
have been developed so far can be divided into two catego-
ries—(1) those that study the solid-state interactions on a
molecular scale and use the attachment energy model to
predict the crystal growth rate and steady-state morphol-
ogy''™" and (2) those that develop a mechanistic growth
model but use experimentally fitted values for nearest-
neighbor interactions.'>'® A mechanistic crystal growth
model that accounts for the solid-state electrostatic interac-
tions as well as the solvent—solute interactions has not yet
been developed for inorganic solids. Such a growth model
will have predictive capability on a macroscopic scale to
prescribe more efficient crystal growth experiments. The
challenge here is to study both the solid-state interactions
and the effect of the solvent on the growth kinetics in a
generalized manner so that the conclusions from the model
predictions can be applied to the crystal growth of any inor-
ganic crystal surface. We make a distinction between
growth on nonpolar crystal surfaces and polar crystal surfa-
ces. The stabilization and growth mechanisms on polar
inorganic crystal surfaces is not yet fully understood and
will not be discussed here (The reader is referred to review
articles on polarity of oxide crystal surfaces by Diebold
et al.'"” and Goniakowski et al.'®). The subject of this study
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is the growth mechanism active on nonpolar inorganic crys-
tal surfaces that do not undergo heavy surface reconstruc-
tion to stabilize themselves.

In this work, we present a generalized methodology to
study the spiral growth mechanism on inorganic crystal
surfaces. The step velocities of spiral edges on an inorganic
crystal surface can be calculated using the kink rate and kink
density models discussed here. The density of kink sites
along a spiral edge is calculated from the equilibrium distri-
bution of disturbances due to thermal roughening.w’20 The
rate of kink propagation on an ionic step edge is calculated
using detailed balances with appropriate expressions for the
kink attachment and detachment fluxes that account for solu-
tion composition and kink site interaction energies. This
mechanistic growth model is applied to the crystal growth
on the {1014} family of faces on calcite (CaCOs) crystals.
Calcite is the most stable and abundant polymorph of cal-
cium carbonate and its crystal growth is well studied from a
biomineralization perspective.”' The surface growth mecha-
nisms in presence of impurities such as Mg®", Sr** and bio-
molecules that are typically present in the marine ecosystem
are well studied experimentally.zz_26 Our model does well in
predicting the shape of the growth spirals formed on calcite
crystal surfaces but also the effect of the environmental
composition on the step velocities of the spiral edges on the
(1014) calcite surface. The model can be applied to study
crystal growth, shape evolution, and the steady-state shape
achieved by typical inorganic salts grown from aqueous solu-
tion. We expect that the model can be used to design suita-
ble zeolite growth modifiers that provide functionally
desirable crystal morphology for various zeolite systems
such as ZSM—S,27 silicalite—l,28 and zeolite L.2%3°

Growth Mechanism

Growth of crystal surfaces occurs under nonequilibrium
conditions when the chemical potential of the growth
medium (u,,) is greater than the chemical potential of the
bulk crystal (i.). The difference (Au) between these chemi-
cal potentials is the driving force for crystal growth

Ap= =t M

When the rate of mass transfer between the bulk growth
medium and the crystal surface is much faster than the rate
of incorporation of the growth units into the crystal lattice,
crystal surfaces grow by a layered growth mechanism. The
crystal surface grows by the attachment of growth units
along steps present on the surface. These steps may originate
from either growth spirals or 2-D nuclei present on the sur-
face. At low supersaturation, the activation energy for the
formation of 2-D nuclei is very high, therefore, the growth
rate is dominated by the spiral growth mechanism.*'? A
crystal surface contains screw dislocations that act as the
source of atomic steps, where growth units are preferentially
incorporated into the crystal. These steps spread across the
surface due to the attachment of growth units and result in a
self-perpetuating growth of layers on top of other layers that
gives rise to growth hillocks with a spiral pattern.”’* The
perpendicular growth rate G, of a crystal face with Miller
index {hkl}, growing by the spiral growth mechanism, is
related to the rotation time t, of the growth spiral as
follows™
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where £ is the height of the spiral edge, N is the number of
edges in the growth spiral, /.; is the critical length of spiral
edge i, o;,;4 is the angle between edges i/ and i+ 1, and
v; is the step velocity of edge i. One definition of the critical
length /.; of edge i is the minimum length above which the
free energy change associated with the addition of a new row
of growth units along the edge i is negative.33 Since a spiral
edge moves by the incorporation of growth units into the kink
sites present along the edge, the growth kinetics of the crystal
surface depends on the rate of attachment of growth units into
kink sites.

The step velocity of each spiral edge on every surface of
the crystal must be calculated to predict the growth rates
and, therefore, the steady-state crystal morphology. The step
velocity v; of a spiral edge i is written as follows'>**

Vi=apipiUi 4)

where a,,; is the perpendicular distance between two rows
of the spiral edge i (units of A or nm), p; is the density of
kink sites along the edge i (dimensionless) and u; is the net
rate of attachment of growth units into the kink sites (units
of s~ ). a, depends on the crystallography and step struc-
ture while the kink density is given by the thermodynamics
of creating kink sites from a straight step edge.” Kink rate
u captures the kinetics of the crystal growth process and
combines the rates of the competing processes of attach-
ment and detachment of growth units into and from the
kink sites, respectively. The density of kink sites along an
edge and the net rate of incorporation into the kink sites
depend on the interaction energies of growth units along
the edge. Therefore, the first step in crystal growth model-
ing is the identification of the Periodic Bond Chain (PBC)
directions that are parallel to the strongest intermolecular
interactions between the growth units in the solid state. A
systematic method to identify the PBC directions in inor-
ganic crystals has been presented earlier.' The interaction
energies of growth units present along the spiral edges are
calculated while including the surface effect on the partial
charges of growth units and the long-range electrostatic
interactions." A general method that uses those interaction
energies to calculate the kink density and the kink rate for
inorganic crystal growth is presented in the following
sections.

Kink Density Calculation

The edges on a crystal surface undergo constant thermal
fluctuation and are never completely straight at any tempera-
ture 7>0 K.?° These thermal fluctuations provide a finite
density of kink sites along the edge where growth units
attach. The density of these kink sites or the spacing
between two successive kink sites along the edge partially
determines the net rate at which the step edge moves due to
attachment of growth units (see Eq. 4).

Using the statistical mechanics of fluctuations, Frenke
and Burton et al.* developed a method to calculate the den-
sity of kink sites along an edge. The probability of finding a
kink site along the edge depends on the energy required to
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Figure 1. A representative rearrangement of a Ca and a CO3; growth unit (within the black circle) from a straight
[481] edge on (1014) surface of calcite to form four kink sites (red circles).

The water molecules surrounding the edge and Kink sites have not been shown. [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]

rearrange two adjacent growth units from a straight edge to
form an edge with four kink sites.?® If the energy required
per kink site for this rearrangement, called the kink energy,
is of the order of thermal energy (kgT), the rearrangement
occurs on a time scale faster than the attachment/detachment
of growth units into the kink sites.”> Therefore, the edge
structure is always in quasi-equilibrium with respect to the
growth medium and the kink sites are Boltzmann distributed.

Kuvadia and Doherty proposed a systematic method to
calculate the kink density on step edges with multiple types
of kink sites on organic crystal surfaces.** The probability of
observing any type of kink site can be computed by counting
all the microstates of edge rearrangements that expose that
particular kink type and by calculating the energy for each
rearrangement.

The probability of observing any particular rearrange-
ment depends on the change in the potential energy of the
system on the rearrangement of the edge. Therefore, the
calculation of kink density on the step edges on an inor-
ganic crystal surface involves computing the change in
potential energy of the entire system due to a rearrange-
ment of a straight edge. The system consists of a step edge
on a crystal surface as well as the solvent molecules in the
immediate vicinity of the step edge. The rearrangement of
two adjacent growth units along a straight edge to a step
adatom position (Figure 1) involves the breaking of solid—
solid “bonds” as well as formation of new solid—solvent
“bonds.” The new solid—solvent interactions are formed
because the solvent structure around an edge growth unit is
different from that around a growth unit in a kink site.?®
The change in the potential energy of the entire system due
to this rearrangement must reflect the changes in both
solid—solid and solid—solvent interactions.

The kink densities on the spiral edges of the (1014) surface
of calcite were calculated using this method. As discussed
previously, there are two spiral edges— [441] and [481] on
the (1014) surface of calcite." Each of these two edges has
obtuse and acute orientations depending on the angle that the
step edge makes with the plane of the crystal surface.
We have shown previously that either of the orientations on
both [441] and [481] edges are symmetrically equivalent,' so
we only discuss the [481] edge henceforth (Figure 1).

The [481] edge has four growth units that repeat along
the edge—two calcium and two carbonate ions. The two
carbonate growth units differ in their orientations, therefore,
the two calcium growth units situated between them have
different interaction energies. When considering the rear-
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rangement of a straight [481] edge, there are four choices to
select a pair of adjacent growth units along the edge to be
moved. Similarly, there are four choices for the final posi-
tions of the earlier selected pair of growth units as step ada-
toms. Therefore, there are 16 possible rearrangements on
each obtuse and acute orientation of the [481] edge. Also,
each of the kink sites on the edge can have two possible
orientations— & and #". The & and ¥/ orientations of the
kink sites correspond to the kink site growth unit facing
east and west, respectively, when the edge grows in the
north direction (Figure 2). Therefore, there are a total of
eight kink sites on the [481] edge on (1014) surface of
calcite.

Table 1 shows the kink densities of all the kink sites on
both [481] acute and [481] obtuse edges. The total density of
kink sites is higher on the acute edge than the obtuse edge.
As the step velocity is directly proportional to the kink den-
sity along the edge, the difference in kink densities between
the obtuse and acute spiral edges on the (1014) surface of
calcite does explain the asymmetry in the shape of the
growth spirals found on the crystal surface. However, the net
rate of attachment into the kink sites must also be calculated
before predicting the step velocities and the exact shape of
the growth spirals.

Kink Rate for Inorganic Crystals

The net rate of attachment or detachment of growth units
from kink sites along a step edge on a crystal surface is
called the rate of kink incorporation or the kink rate.’” Kink
rate models have been developed for both organic molecular
crystals3 and ionic crystals However, these models were
limited in their scope of the solid-state interactions and con-
sidered only nearest-neighbor interactions. The kinetics of
attachment/detachment of ionic growth units will depend on
the potential energies of the ions in the kink sites. In our
previous article, we have successfully developed a system-
atic method to calculate the kink site potential energies of
ions accounting for both long-range solid-state interactions
as well as the solid-solvent interactions."

The kink rate model developed by Zhang and Nancollas'
is applicable for two types of kink sites along a step edge on
the surface of an AB-type ionic crystal. Frequently, the step
edges on inorganic crystal surfaces may have different orien-
tations or positions for both cations and anions that result in
more than two types of kink sites along a step edge. There-
fore, a general kink rate model for inorganic crystals is
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Figure 2. The two orientations (¢ and #) of kink sites on the [481] edge on (1014) surface of calcite.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

required that allows for multiple types of kink sites present
along the edge.

New kink rate model

Kuvadia and Doherty®* developed a generalized expres-
sion for the kink rate u# on a spiral edge on organic crystal
surfaces that has n types of kink sites along the edge

-1Lic
u= k=1 (5)

n

STy

(=1

where j is the attachment flux of growth units into the kink site
and j, is the detachment flux from the kink site k. j* is inde-
pendent of the specific kink site and depends only on supersatu-
ration and solution composition, whereas j, depends on the
solution chemistry and the local bondlng energies for the kink
site k.>>*%3% The quantity (j~ ) “Vin Eq. 5 is given by

—\ (-1 e
)( >:§ JeJk+1Jk+2 - -
k=1

Equation 5 holds true for molecular crystals, where all the
growth units are a single chemical species so that the solva-
tion behavior is the same for all of them. In case of inor-
ganic crystal growth, the growth units are ions (positive and
negative) and will exhibit different solvation behavior and
attachment kinetics.

Figure 3 shows a representative arrangement of multiple
types of kink sites along a step edge on the surface of an AB-
type ionic crystal where each ion has two distinct orientations.
The attachment of a B growth unit into an A-terminated kink
site results in the exposure of a B-terminated kink site. Simi-
larly, the detachment from an A-terminated kink site results in
the exposure of another B-terminated kink site.

It is assumed that the edge begins with an A-type kink
site and alternates between an A-type and a B-type kink site.
Therefore, the odd and even numbered kink sites will be ter-
minated by cationic (A) and anionic (B) species, respec-
tively. If there are N orientations each of cationic and

Jrre—2 ©6)
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anionic growth units along the edge, there will be a total of
2N types of kink sites on the edge. Py;—; and P, are defined
as the probabilities that the step edge is terminated with an
A kink site and a B kink site of type (2k — 1) and 2k, respec-
tively. Therefore, k takes all the integer values between 1
and N. We define the edge to be in state 2k — 1 if it is termi-
nated with the kink site numbered 2k — 1. The transition
between any two successive states or types of kink sites is
associated with attachment (j*) or detachment (j7) fluxes.
Figure 4 shows the transition between the 2k — 1, 2k, and
2k + 1 states of the kink site. It is well accepted® =% that
the attachment flux j© depends on the solvation chemistry of
the attaching growth unit and the solution composition but is
independent of the kink site location along the edge. The
detachment flux j depends on both solution chemistry and
the local bonding energies at the kink site location along the
edge.

The kink incorporation rate on the step edge is given by the
net rate at which the edge transitions from one state to the next.
At steady state, the net rate of incorporation is exactly equal
for each state or kink type. Therefore, the kink rate u for states
2k — 1 and 2k is given by

urk—1=jg Po—1 —joPok Uk =j{ Pok—joys 1 Pus1 (1)

The probability P, of a state 2k is calculated by setting

up a steady-state balance for the influx and outflux into and

Table 1. Density of Kink Sites on the [481] Spiral Edges of
(1014) Face of Calcite

Kink Density p

Edge Type Growth Unit & Va

[481] Obtuse Ca (1) 0.0021 0.0136
COs (1) 0.0065 0.0021
Ca (2) 0.0021 0.0065
COs3 (2) 0.0136 0.0021
Total 0.0243 0.0243

[481] Acute Ca (1) 0.0139 0.0092
CO; (1) 0.005 0.0139
Ca (2) 0.004 0.005
COs (2) 0.0092 0.004
Total 0.0321 0.0321
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Figure 3. A representative arrangement of multiple types of kink sites along the edge of an AB-type ionic crystal

surface.

There are two types of A (cyan) and B (orange) kink sites each that are repeated by symmetry along the edge. The arrow indicates
the direction of the growth of the step. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.

com.]

out of state 2k, respectively. The detailed balance master
equation is written as follows

Jg Poc—1+jme 1 Parcer = (id +ioe) Pk ®

Similar equations can be written for each type of kink site
giving rise of 2N such equations. However, due to the cyclic
repetition of the arrangement of the kink sites beyond state
2N, there are only 2N — 1 independent equations. The condi-
tion that the kink state probabilities P, must all sum up to 1
provides the 2Nth equation to solve for all the probabilities
in terms of the attachment and detachment fluxes. The kink
rate 1 can thus be calculated as follows

2N
adiin
k=1

u:
N
> G {0 4k ) ™ 4 )™
(=1
9
where

N
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Equation 9 can be used to calculate the kink rate u on
any edge on any crystal surface, provided the attachment
and detachment fluxes (j© and j~, respectively) from
kink sites are known. General expressions for these fluxes
and a systematic method for their calculation are discussed
next.

P2k—1 P 2k

Figure 4. Transitions between A and B kink sites based
on the attachment or detachment of A and B
growth units and the fluxes associated with
these transitions.

P2k+1

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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Expressions for attachment and detachment fluxes

We use transition state theory (TST)40 to calculate the
kink site attachment and detachment fluxes. The reaction
coordinate is assumed to be the distance from the kink site
towards the solution so that the reactant state corresponds to
the growth unit docked in its kink site and the product state
corresponds to the growth unit fully solvated in bulk solution
(Figure 5). The transition state corresponds to a partially bro-
ken solvation shell that is also partially bonded to its neigh-
bors around the kink site. In this case, the attachment and
detachment fluxes depend on the reverse and forward
“reaction rates,” respectively, as shown in Eqs. 10 and 11.

A generalized model for the attachment and detachment fluxes
must account for the presence of both cationic and anionic growth
units in the solution. Additives, impurities, counterions and anti-
solvents may also be present in the solution. These foreign species
can be classified into three groups—(I) species that can incorpo-
rate into the crystal lattice (e.g., chemically similar additives or
modifiers such as Mger ions in calcite), (IT) species that influence
detachment of growth units from kink sites (e.g., antisolvent), and
(IIT) species that do not participate in any of the steps associated
with attachment or detachment of growth units into kink sites
(e.g., counterions). The mole fractions of these three types of spe-
cies in the solution are xy, xy, and xypy, respectively.

k
| detachment/’(}\‘
TR

attachment

<

n@ product

q

y
Teactant =R

Figure 5. Representative energy landscape during
attachment and detachment from kink sites.

The reactant state is the growth unit attached in the
kink site. The product state is the unattached kink site
and fully solvated growth unit in the solution. k* and
k™ are the rate constants for the attachment and
detachment processes, respectively. [Color figure can
be viewed in the online issue, which is available at
wileyonlinelibrary.com.]
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The prefactor for the TST rate constant contains partition
functions for the solvated growth unit and for the kink site on
the crystal surface. The prefactor value will be different for cat-
ionic and anionic growth units. The attachment flux of an ionic
species into a kink site is proportional to its mole fraction in
the adsorption layer.*® If the bulk transport rate is much faster
than the rate of surface integration, the mole fraction of solute
molecules in the adsorption layer next to the crystal surface
will be the same as the bulk solution mole fraction. Therefore,
the attachment flux j* for both the ions is written as

AU,
Ji =vaexp (— ﬁ)xA=kXxA

AU
];— =VpeXp (* K;j) XBZICEXB

where v, and v are the vibrational frequencies of attachment
and detachment attempts that depend on the temperature and
the partition functions of the solute, solvent, and the transition
state solvated complex. These frequencies are assumed to be
the same everywhere on the crystal surface. The attachment
energy barriers correspond to the breaking of the solvation shell
around the growth units so the barrier heights AU, and AUp
will be constant on all crystal faces. x4 and xp are the respec-
tive mole fractions of the cationic and anionic growth units in
the solution. k; and kj are the first-order rate constants for
attachment of A and B ions, respectively, into kink sites.

The detachment flux for both types of growth units is pro-
portional to the combined mole fraction of solvent molecules
and species of type II in the adsorption layer.38 The detach-
ment flux j for each of the kink sites is given by

(10)

L AUL+AWo
]2/<—1:(1—XA—XB—XI_XHI)VA€XP —?
B
AU +AW.
Joe=(1=xa=xg—xi—xmr )vgexp | — — 22 ) k=1,2,3
kgT
(11)

where AW,,_ is the work required to remove the partially sol-
vated growth unit from the 2k — 1 kink site position to a fully sol-
vated state in the bulk solution. AW, depends on the
interactions between the growth unit which is docked in the 2k —
1 kink site and the crystal as well as its interactions with the sol-
vent. For vapor grown crystals, AW,,_; will be given by the sum
of the solid broken bond energies at kink site 2k — 1. As discussed
earlier, j,,_, and j,; are the detachment fluxes for the 2k — 1 (cati-
onic) and 2k (anionic) kink sites, respectively. The expressions
for the attachment and detachment fluxes from Eqgs. 10 and 11,
respectively, can be put into Eq. 9 to calculate the kink propaga-
tion rate at any step edge on an inorganic crystal surface. It is con-
venient to express the mole fractions of A and B ions in the
solution (x4 and xp, respectively) in terms of two experimental
parameters—supersaturation S, and ionic activity ratio r.

Supersaturation or saturation ratio S of the aqueous solu-
tion of a general electrolyte A,By is defined in terms of the
difference between the chemical potentials of the solution
phase and the crystal as follows 34142

a aﬁ
Au=(a+B)kgTIn S=kpTln 1?3 (12)

sp

where K, is the solubility product of A,Bg salt. For an AB
type salt, the supersaturation S is defined as
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(13)

where 7, and yp are the activity coefficients and M is the
molarity of the solution. For dilute aqueous solutions,
M =5556 mol L™'. Relationships between S and other
measures of supersaturation are described in Appendix B.
The ionic activity ratio r is defined as

_ A _ 7%
ag  YpXp

14

The relationship between the mole fractions (x4 and xp),
supersaturation S, and activity ratio r (from Egs. 13 and 14)
is

YA M 78V

These two experimental parameters (S and r) can be inde-
pendently manipulated during the crystallization process.
The more common experimental cases are when either the
supersaturation®’ or the ionic activity ratio is constant.*

The condition of thermodynamic equilibrium provides a
relationship between the attachment and detachment fluxes.
At equilibrium, the step velocity is zero so the kink rate
must be zero. It follows from Eq. 9 that at equilibrium

N 2N
(reaien) =1Liieq (16)
k=1

The equilibrium attachment and detachment fluxes are
obtained by replacing x4 and xg in Egs. 10 and 11 by x4q
and xp.q, respectively. The expressions for j; and j;, are
substituted into Eq. 16, which results in

1 (AWk) =In < /XA ,eqXBeq ) (17)
2N kT 1 =Xpeq =XBeq —X1—XImI

The left-hand side of Eq. 17 contains quantities that are calcu-
lated from the intermolecular interactions while the right-hand
side contains quantities whose values are experimentally
obtained. Therefore, this equation can be used as a consistency
check to verify the calculations of the solid-state and solvent
interaction energies, so that the calculated values of AW, from
the model are consistent with the equilibrium mole fractions cal-
culated from the experimentally obtained value of the solubility
product K, (by putting S = 1 in Eq. 15). If the two sides of Eq.
17 do not match a local solubility product K o near the crystal
surface can be calculated from the AW, values as follows

AW
})AVBMZ(I — X1 X111 exp{ NZ( k)}

K, = 5 (18)

o Ty AW}

1+ I+req8/7a _ 1

|: <\/l‘cq78/7A exp 2N; kBT
where 7.y is the value of the ionic activity ratio at equilib-
rium. If the crystallization process occurs at constant ionic
activity ratio, r.q =1 and Eq. 18 can be used to calculate the
local solubility product and hence the equilibrium mole frac-
tions of A and B (from Eq. 15). However, if the crystalliza-

tion process occurs at variable r, r.q may be different from
the variable values of r. In that case, Eq. 18 can be solved

gﬁ@@)@:S(ﬁﬂ s
M
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Figure 6. lllustration of the detachment process of an A-type kink site that results in the formation of a B-type

kink site.

The change in the potential energy of the system in this process is given by the kink detachment work AW. The solvent molecules
around the edge are not shown for clarity. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.

com.]

only if the equilibrium mole fractions of A and B are very small
(Xa,eqs XB,cq < 1). Equation 18 is then simplified as follows

/ 2 2 1 N AWk
Ko, =7475M (I=xy—xm )"exp _NZ kB—T (19)

k=1

The solubility of several inorganic crystals, such as calcite, bar-
ite, rutile and KDP, in water is very low.2® Therefore, the
assumption that x,cq, Xgeq << 1 is quite reasonable for the§e
crystals. For the sake of internal consistency, the value of K|
from Eq. 19 is used instead of the experimental value (K,) in
the subsequent equations. The mole fractions of A and B in the
supersaturated solution (x4 and xp) are thus calculated by sub-
stituting K, with K;p in Eq. 15. The activity coefficients 7y,
and yp are calculated using Davies equation46 that extends the
Debye-Hiickel theory to high concentration electrolyte solu-
tions. If the mole fraction of the counterions present in the
solution (xyy) is much higher than x, and x, the activity coeffi-
cients are constant between the saturated and supersaturated
solution and do not depend on x4 and x.

The attachment and detachment fluxes are written in terms
of the supersaturation S, ionic activity ratio r and the local sol-
ubility product K;p from Egs. 10 and 11. The calculation of
the kink rate u from Eq. 9 requires that kink detachment work
AW values be known. The detailed expressions for j*, j"and u
as functions of S, , and AW are given in Appendix A.

The kink site potential energies calculated in a previous
article' are used to calculate the kink detachment work AW.
The species involved in the detachment process are—the
growth unit about to be detached, the growth unit that forms
the next kink site along the edge, and the solvent molecules
that solvate both these growth units. Therefore, calculation
of AW involves computing the kink site energies of the two
successive growth units along the edge (Figure 6). The infor-
mation on solvent structure around the kink site is used

Table 2. Kink De}achment Work (AW)iValues for the Kink
sites on the [481] Spiral Edges of (1014) Face of Calcite

AW (kcal/mol)

Edge Type Growth Unit & Va

[481] Obtuse Ca (1) 28.8 18.9
COs (1) 24.6 36.6
Ca (2) 29.2 21
COs5 (2) 26.1 37.9

[481] Acute Ca (1) 21.7 10.9
COs (1) 37.9 383
Ca (2) 18.6 28.1
COs5 (2) 36.5 37.5
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along with the space partitioning method to calculate the
partial charges on the surface ions and the potential energy
of a growth unit in the kink site." Knowledge of the structure
of the solvent shell around a growth unit in bulk solution,
including the number of solvent molecules in the shell and
their distances from the growth unit, is required to calculate
the potential energy of the fully solvated growth unit. The
solvation information of Ca®" and CO?2™ ions for calcite
crystal growth was obtained from molecular simula-
tions.’**”*® The expression for AW in terms of the kink site
potential energy U™ and potential energy of solvated ion

UM is given as follows
— yrsolvated kink __ yskink __ yystep
AW =Uj} TUy" —UyZ i~ Uy (20)
_ yrsolvated kink __ yskink __ ystep
AW =Up TUy1— Uy —Uyi (2D

where U™ is the potential energy of an ion present along
the step edge next to the kink site growth unit. U*P is calcu-
lated using the space partitioning method' with the partial
charges for the atoms in the growth unit corresponding to
that for a growth unit situated along the step edge. Figure 6
illustrates the kink detachment process and the change in the
configuration of a B growth unit that lies next to the A-type

8 e Obtuse Experimental
14 ——Obtuse Pred_icted
A Acute Experimental o
= = Acute Predicted
12 |
w
E10 | 4
2 .’
8| /L
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Figure 7. Comparison of model predictions of the step
velocities of obtuse and acute spiral edges
with AFM measurements reported by Teng
et al.%2 at r=1.04.
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gies between the kink site ions and the sur-
rounding water molecules for the kink sites
with & orientation on the [441] obtuse edge
on the (1014) surface of calcite.

cOo3 (2)

kink site along the step edge and forms the new kink site (B
type) after detachment of the A growth unit.

Table 2 shows the values of the kink detachment work
(AW) for the kink sites on the [481] spiral edges (acute and
obtuse) on a calcite (1014) surface. As aforementioned, the
AW values are the same for the kink sites on the symmetri-
cally equivalent edges along the [441] direction.

The AW values differ between the same type of kink sites on
the obtuse and acute spiral edges. From Eq. 26 (Appendix A), it
is evident that the kink rate, and thus the step velocity, should be
different for the obtuse and acute edges on the (1014) surface of
calcite crystals. The model calculates the kink rate to within a
multiplicative constant k7, which is uniform on all crystal surfa-
ces. Therefore, the absolute value of the step velocity of a spiral
edge cannot be predicted without using molecular simulations
with rare event methods*”*’ to estimate the value of &} .

Step Velocity Predictions on Calcite (1014)
Surface

The step velocity of spiral edges can be measured experi-
mentally using AFM. The step velocity of spiral edges on a

(1014) surface of calcite have been measured using in situ
AFM under various experimental conditions.®*>**3*>! De
Yoreo and coworkers®**? measured the step velocities of
the spiral edges for a wide range of supersaturation
(1.02 < § <2.04), while keeping the ionic activity ratio con-
stant at r=1.04 (Appendix B provides expressions that
relate the experimental measure of supersaturation to the
value of § used in this article). Figure 7 shows the compari-
son between the experimentally measured step velocities
reported by Teng et al.>? and predicted values from our
model. The predicted step velocities were calculated assum-
ing that no foreign species were present in the solution. The
calculated values of step velocities were scaled with the
experimental values at § = 1.40.

The model predictions for the step velocity of the obtuse
edge match very well with the experimentally measured val-
ues except for very high supersaturation (S > 1.8). The pre-
dictions of our spiral growth model are not reliable at such
high supersaturation, where growth by 2D nucleation was
also observed in the AFM experiments.**

Step velocity predictions of the acute edge do not capture
the supersaturation trend of the experimental measurements.
Teng et al. observed a crossover between the step velocities
of obtuse and acute edges at S = 1.29.>% This crossover was
explained by the effect of ppm level impurities (e.g., Mg,
SO,4) present in the experimental reagents, on growth
kinetics at the acute edge. These impurities adsorb on the
terrace of the crystal surface and slow down the advancing
steps, thereby changing the dependence of the step velocity
on the supersaturation.” Teng et al.’* showed that a sublin-
ear dependence of the step velocity on the supersaturation
fit the experimental data for the acute edge. Impurities such
as Mg2+ ions preferentially adsorb on the acute edges
rather than the obtuse edges of (1014) calcite surface.’*
Therefore, these ppm level impurities may have affected
the step velocity measurement of the acute edges only. Our
calculations do not account for the presence of any impur-
ities in the solution or on the terrace. Therefore, we do not
expect the supersaturation trend for the predicted step
velocity of the acute edge to match with the experimental
values.

The model does predict asymmetric growth spirals on the
(1014) surface of calcite and a higher step velocity of the
obtuse edge than that of the acute edge at close to stoichio-
metric values of ionic activity ratio, which is consistent with
other AFM measurements reported in the literature %+

Increasing ionic activity ratio
Figure 9. In situ AFM images of growth spirals on the (1014) surface of calcite crystal.

The activity ratio of Ca’* to CO %‘ ions increases from panels (a) to (c). Adapted from Ref 43, with permission from Copyright
© 2010, American Chemical Society. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Figure 10. Comparison of the variation of the step veloc-
ities of obtuse and acute spiral edges with
increasing activity ratio of Ca®* to CO3%-
measured by Stack and Grantham®® with the
model predictions.

The experiments and the model predictions are at a con-
stant supersaturation of S = 1.58.

The values of the kink detachment work depend strongly
on the interaction energies of the kink site ions with the
solvent molecules. Figure 8 shows the change in the kink
detachment work AW values for the & orientation kink sites
on the [481] obtuse edge as the interaction energies
between water molecules and the Ca®* and CO3~ ions and
the water molecules is varied by 5%. The AW values
change by at least £65% due to a +5% change in the inter-
action energy between the solvent molecules and the kink
site ions (An increase in solvent interaction energy reduces
the AW value). The change in the AW values is consistent
for all the kink sites on obtuse and acute edges, therefore,
the scaled values of the step velocity do not change with

114

(a)
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the variation in the solvent interaction energies. High fidel-
ity calculations using transition path sampling® to identify
the most appropriate reaction coordinate, and rare event
methods to predict the free energy barrier for kink detach-
ment will provide accurate absolute values of the step
velocity of both spiral edges.

The activity ratio of Ca®" to CO 2~ ions, r, is an impor-
tant experimental parameter that affects the step velocity of
spiral edges. Larsen et al.”! performed in situ AFM experi-
ments to measure the step velocities of the obtuse and acute
spiral edges on a (1014) surface of calcite at different val-
ues of r, while keeping the supersaturation constant at
S =2.00. We expect 2D nucleation to be important at this
supersaturation value, therefore, our model predictions can-
not be compared with their experiments. Stack and Grant-
ham*® carried out similar measurements at lower
supersaturation (S = 1.58; Appendix B provides expressions
that relate the experimental measure of supersaturation to
the value of S used in this article). Figure 9 shows the
observed variation in the shape of the growth spirals on the
calcite surface on increasing r® The edges of the growth
spiral get significantly roughened at very low or very high
values of the activity ratio while the growth spiral looks
more symmetric at 7 ~ 1. At very high or very low values
of the activity ratio, the growth kinetics is limited by the
availability of one of the two ions in the solution. At close
to stoichiometric solution composition, there are plenty of
both ions in the solution and the growth is limited only by
the attachment/detachment kinetics.

Figure 10 shows the comparison of the experimentally
measured step velocities of both obtuse and acute edges by
Stack and Grantham®® with the model predictions at differ-
ent values of . The model only predicts relative step veloc-
ities and not absolute values, therefore, the model
predictions were scaled with an experimental value of step
velocity. For obtuse edge, the experimental step velocity
value at a value of r=43.7 was used, while for the acute
edge, the step velocity at a value of r =0.015 was used for
scaling. Although the model predictions do not match

(b)

Figure 11. (a) The predicted morphology of calcite crystals dominated by the (1014) family of faces. (b) Morphol-
ogy of the Icelandic Spar calcite crystal on exhibition at the National Museum of Natural History in
Washington, DC. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.
com.]
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exactly with the experimental step velocities for both edges,
the model accurately captures the step velocity trend for
both the edges as the ionic activity ratio is varied. The
model also correctly predicts that the maximum step veloc-
ity for each of the edges does not occur exactly at r=1,
which is the stoichiometric composition of the solution. As
the solvation behavior and attachment rates for Ca*" and
COZ™ ions are different, the maximum step velocity will
not be observed at r = 1.

The overall dependence of experimental parameters such
as supersaturation (S) and ionic activity ratio (r) is broadly
captured by this mechanistic model for the case of spiral
growth on the (1014) surface of calcite crystals. The model
shows a more complex relationship between step velocity v
and the driving force (S — 1) than the simple linear relation-
ship that was assumed by traditional models®™>® and shown
experimentally for large protein molecules.’”>® This complex
dependence on S is consistent with the model developed by
Zhang and Nancollas for an edge on an ionic crystal surface
with two types of kink sites.'” The scaling of the step veloc-
ity with the ionic activity ratio r is also captured by this
model.

The growth rate of the (1014) calcite crystal face can be
calculated by putting the values of the step velocities of the
obtuse and acute edges in the [441] and [481] directions into
Eq. 3 to calculate 7, and the relative growth rate G. As there
are six faces in the {1014} family of F faces, they enclose
the entire crystal resulting in a regular rhombohedron mor-
phology (Figure 11 as observed in the Icelandic Spar calcite
crystalssg).

Conclusions

A mechanistic growth model has been developed that can
predict the relative growth rate of a crystal face and the
steady-state morphology of inorganic crystals grown from
solution. The model has been used to study the spiral
growth mechanism which dominates the surface growth at
low supersaturation. A generalized framework is developed
to calculate the kink incorporation rate on every spiral edge
on the face of an AB-type ionic crystal, irrespective of the
number of kink sites exposed along each edge. The expres-
sions for the attachment and detachment fluxes from the
kink sites account for the effect of the solution composition
and the kink detachment work on the kinetics of attachment
and detachment processes.

The asymmetry in the step velocities on the obtuse and
acute spiral edges on the (1014) surface of calcite crystals
is captured by the model. The difference in the electronic
properties of the carbonate ions situated on these edges
results in different kinetics of attachment and detachment
from the kink sites along the edge, which is reflected in the
kink detachment work (AW) values calculated for the
obtuse and acute edges. The model captures accurately the
variation of the step velocity with supersaturation. The pre-
dictions match closely with the experimentally measured
step velocities for the obtuse edge.’” The ratio of the activ-
ities of Ca®" to CO 2~ ions is also an important experimen-
tal parameter with profound effect on the kinetics of step
advancement of the spiral edges on calcite (1014) surface.
The model predicts the scaling of the step velocity with the
activity ratio and the deviation in the maxima for the step
velocities of both obtuse and acute spiral edges from the
stoichiometric solution composition. The model is well
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suited to calculate relative step velocities of the spiral
edges that can be used to predict the relative growth rates
and the steady-state morphology of inorganic crystals.

The interaction energies of the surface ions with solvent
(water) significantly impact the growth kinetics of inor-
ganic crystal surfaces. This necessitates use of molecular
simulations or experiments that can accurately characterize
the local solvent structure and density around kink sites
present on inorganic crystal surfaces. Molecular simula-
tions coupled with rare event methods such as transition
path sampling55 and metadynamics60 are being used to
map out the free energy landscape and to calculate the
absolute rates of attachment and detachment from kink
sites on inorganic crystal surfaces.*” These advances can
be used to identify the exact rate determining step among
the several steps involved in the growth process on inor-
ganic crystal surfaces and to refine the kinetic expressions
used in the mechanistic growth models to make them more
accurate.
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Appendix A: Detailed Expression for the Kink
Rate

The mole fractions of A and B species in a supersaturated solu-
tion are written as a function of the local solubility product K;p
from Eqgs. 15 and 19 as

K. K.
S S S §]
=SV (VI Vi

=2 Al
Ta M VAW (AD

The attachment and detachment fluxes on the kink sites from a
supersaturated solution are written from Egs. 10 and 11 as
follows
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B The kink rate is calculated from Eq. 9 as
where
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The solubility of inorganic crystals in water is often extremely low
(Xeq < 1) so that the term (1—Sx’) may be approximated as (1 — x; —
xqp)- From Eq. AS, the leading order term for the kink rate, and there-
fore the step velocity, scales linearly with the concentration driving
force (S — 1). Also, the kink rate scales as (rl/ 24 Y 27! with the
ionic activity ratio r. Both these scalings are consistent with those
reported in the lierature.'>®' Equation A5 is used to calculate the
kink rate to within a multiplicative factor vaexp (—AU,4 /kgT) that is
constant everywhere on the crystal surface and will therefore drop
out of the relative growth rate expressions.

¢ is the ratio of the kink attachment rate constants of the cat-
ion to the anion. If the cation and anion are of similar sizes, &
can be assumed to be O(1) and will not affect the scaling of
other quantities in Eq. AS5. The value of ¢ for calcite growth
was calculated from the estimates of the rate constants from fit-
ting to the step velocity measurement data as reported by Bracco
et al.”® The value of ¢ was calculated as 0.19 for the obtuse spi-
ral edge and 1.36 for the acute spiral edge on the (1014) calcite
surface. Although the value of ¢ is not constant across the two
spiral edges, they are both close to O(1) in magnitude, and are
relatively insignificant in determining the kink rate. Molecular
simulations along with rare event methods can provide accurate

and therefore of ¢.
The kink rate expression for the spiral edges on the (1014 ) surface
of calcite can be written by putting N = 2 into Eq. AS as follows

X (8*=1)
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where b; are coefficients that depend on r, &, AW, x.q and so
forth.(i = 1, 2, 3, 4). This expression for the kink rate can be sim-
plified in a Taylor series in powers of (S — 1) expanded around
S=1. For the obtuse and acute edges on the (1014) surface of
calcite, the expansion for the kink rate (at » = 1.04) is as follows

Uobtuse =33.73(S—1)+7.53(S—1)*+7.39(S—1)*+5.9(s—1)*+
(A7)

—0.91(S—1)*+
(A8)

lacute =5.31(S—1)—0.42(S—1)*+1.45(S— 1)

Equations A7 and A8 show that the kink rate, and therefore, the
step velocity of calcite spiral edges has a nonlinear dependence
on the concentration driving force (S — 1). This nonlinear
dependence on (S — 1) is different from the classical crystal
growth models®®>® that assumed that the step velocity is linearly

dependent on (S — 1).

Appendix B: Relationships Between Various
Measures of Supersaturation

We have used S (from Eq. 13) to quantify a supersaturated solu-
tion in this article. A supersaturated solution is also quantified by
the saturation index (SI) in geochemistry literature.%> In solution
growth literature 3542 the level of supersaturation is often written
as o= c_ —1, where C and C.q are the solute concentrations in
the supersaturated and saturated solutions, respectively. The rela-

tionship between S, g, and SI for an AB type electrolyte is

apdp 172
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